ABSTRACT: We present a novel methodology for dealing with quantum size effects (QSE) when calculating the energy per unit length and step-step interaction energy of atomic step defects on crystalline solid surfaces using atomistic slab models. We apply it to the TiO 2 rutile (110) surface using density functional theory (DFT) for which it is well known that surface energies converge in a slow and oscillatory manner with increasing slab size. This makes it difficult to reliably calculate step energies because they are very sensitive to supercell surface energies, and yet the surface energies depend sensitively on the choice of slab chemical formula due to the dominance of QSE at computationally practical slab sizes. The commonly used method of calculating surface energies by taking the intercept of a best fit line of total supercell energies against slab size breaks down and becomes highly unreliable for such systems. Our systematic approach, which can be applied to any crystalline surface, bypasses such statistical estimation techniques and cross-checks and makes robust what is otherwise a very unreliable 2 process of extracting the energies of steps. We use the calculated step energies to predict island shapes on rutile (110) which compare favourably with published scanning tunneling microscopy (STM) images.
INTRODUCTION

The importance of steps on TiO 2
The surface science of TiO 2 is of persistent and widespread interest in materials science because of the many industrial applications which exploit its properties as a photocatalyst 1 , including bactericidal coatings [2] [3] [4] , air and water purification 5, 6 and photo-induced superhydrophilic surfaces. [7] [8] [9] Alongside technological motivations, TiO 2 surfaces are of interest in the geosciences because step defects are thought to act as bonding sites for organic molecules in aqueous solutions providing a possible basis for the origins of primordial life. [10] [11] [12] [13] [14] [15] The (110) surface of the rutile phase is particularly important because rutile is the most abundant macroscopic phase of TiO 2 and the (110) surface is the most stable surface of this phase, 16, 17 comprising the majority of the total surface area in laboratory samples. Scanning tunnelling microscopy (STM) studies [18] [19] [20] [21] [22] have emerged since the early 1990's which invariably show that extended step defects comprise a very significant proportion of the overall surface area of rutile (110). Thus, a proper understanding of steps on the atomic level is crucial in moving towards a complete characterisation of this extremely important system, which has in many ways become the archetypal representative for transition metal oxide surfaces. The surface of metal oxides is where many of the physical and chemical processes of interest to existing and emerging technologies takes place, and the specific atomic configurations of step structures can have a very significant effect on the surface chemistry of metal oxides and their affinity for bonding with adsorbates. 16 This is especially true for crystalline nanoparticles on which steps are likely to dominate the surface morphology. Theoretical studies of the energy and structure of steps therefore present opportunities to not only optimise existing metal oxide surface processes but also to predict surface-adsorbate bonding processes to be exploited for new technologies.
Existing studies of steps on TiO 2
In published STM studies [18] [19] [20] [21] [22] of vacuum-annealed rutile (110) surfaces, terraces bound by extended step defects running almost exclusively along the and directions are observable, where the surface roughness is seen to decrease with higher annealing temperatures.
Among these studies, Onishi et al. 19 was the first to discover a new surface phase of highly organised "double-strand rows" after annealing at 1150 K, although we don't consider that phase
here. These studies have also shown that the vacuum-annealing preparation process for rutile (110) samples creates a small concentration of O vacancies and so these samples are slightly substoichiometric in O. In this work, we focus on the case of stoichiometric models in common with conventional surface energy calculations. This is because attempts to calculate surface energies for non-stoichiometric selections of binary compounds immediately result in an a priori conflict with the definition of surface energy itself. A detailed discussion of O substoichiometry on rutile (110) samples is given in section 3.6. Despite these STM studies showing that steps are clearly extended along well-defined crystallographic directions, the exact atomic arrangement along the steps is difficult to determine theoretically with certainty. The difficulty is that the annealing or cleaving process may provide the energetic perturbations required for surface atoms to overcome local reconstruction activation barriers and relax into a configuration which cannot be obtained by cleaving the bulk structure. However, Martinez et al. 23 recently harnessed the predictive power of a genetic algorithm with density functional theory (DFT) to tackle this difficulty for and type steps on rutile (110). By sampling a large number of candidate step structures on a stoichiometric (451) slab, the most stable atomic arrangement which they recovered for steps is found to be not obtainable from a bulk truncation, but is instead formed by adding an extra TiO 2 unit to the surface cell, a structure which they coined
. Their study clearly demonstrates the importance of exhaustive structure searching methods in the characterisation of annealed surfaces. The most energetically stable step structures that they recovered were two stoichiometric bulk-truncated terminations, both of which are considered in this study. In their study, they calculated total supercell energies which reveal the overall stability of vicinal surfaces. However, the individual energetic components of high-index surfaces can not be extracted from such comparisons of total supercell energy.
1.3.
Step energy calculations are difficult because of quantum size effects [30] [31] [32] [33] all converge in a slow and oscillatory way with increasing slab thickness. This general situation means that calculating step energies accurately using high-index surfaces using slab models is difficult. This is because the step energy is tiny compared to the surface energy, and the surface energy (itself tiny compared to total supercell energies) is very sensitive to the choice of slab structure.
There is one commonly used statistical method of estimating surface energies which has been used in the literature. 35, [38] [39] [40] 41 , which is to plot the total energies of increasingly large slab/vacuum supercells against the number of atoms or formula units in the slab, and to then use linear regression to draw a best fit line and interpret the small positive intercept of this best fit line as the surface energy at infinite slab thickness. It is absolutely critical that this approach is avoided for materials in which surface energies converge in a slow and oscillatory manner with increasing slab size, such as TiO 2 rutile. For such systems, this method can give vastly different intercepts depending on which slab energy data points are chosen to be included in the fit, and therefore vastly different estimates of the surface energy. This is an unacceptable situation; the "surface energy" cannot be allowed to depend so dramatically on the arbitrary choice of which slab energies are included in the data range. If this fitting approach is used on high-index surface slabs with the intention of extracting the tiny and extremely sensitive energies of steps, it fails spectacularly, and for the same reason. In Section 1 of the Supporting Information, we elaborate further on this issue and provide a detailed discussion of why linear fitting approaches to surface energy estimation should be avoided in materials like TiO 2 rutile where surface-surface interactions are strong. Alongside this obvious practical limitation, we also argue that using a linear fitting approach in this context has some questionable underlying assumptions because it fails to properly recognize surface energy oscillations in TiO 2 rutile as a non-random, 44 , and direct extraction of step energies from vicinal slabs 45, 46 , where, in all cases, it was ensured that total surface energies were fully converged at the slab thicknesses used. The difficulty with systems like TiO 2 rutile is that linear fitting techniques do not work, and neither does the "brute force" approach of using arbitrarily large slabs because of the very long-ranged nature of surface-surface interactions.
Despite the apparent hindrance of QSE to slab calculations for systems like TiO 2 , the slow convergence of surface energies with slab sizes actually constitutes a rich source of data which has apparently not yet been exploited in any published articles. In this article, we demonstrate a new systematic approach to extracting the energies of steps which fully uses this data to crosscheck and make robust what is otherwise a potentially unreliable method. In order that our
suggested methodology be open to scrutiny and improvement, and for the sake of reproducibility, we lay out the elementary details in section 1.4. Further details are also provided in Section 2 of the Supporting Information. We then apply our methodology to the rutile (110)
surface using DFT and we use the calculated step energies to predict island shapes as a function of slab thickness for comparison with published STM images showing terrace islands on this surface. The atomic configuration difficulty described above is tackled by focusing on the lowest energy step structures recently predicted by Martinez et al. 23 ; specifically, the two most stable structures along the direction and the two most stable structures along the direction.
These four steps are illustrated in Figure 1 . We adopt similar notation for the step energies as those used in 2006 for the case of steps on TiO 2 anatase (101) by Gong et al., 40 from which we took much of our original inspiration. In their study, the authors calculated the energies of steps theoretically using supercells with DFT. However, the authors of this study used linear fitting to obtain their surface energies, and comprehensive technical details of their methodology and data analysis were not provided, so it is unclear whether they encountered any difficulties relating to QSE, and how they handled them if so. where is the surface energy per unit area of a pristine (110) terrace, is the energy per unit length along an isolated step, is the interaction constant representing the strength of the step-step interaction and is the step-step seperation distance measured in the (110) plane.
Note the important distinction between these elastic step-step interactions associated with strain, and the entirely different step-step repulsion associated with the presence of kinks due to configurational entropy at non-zero temperature. [47] [48] [49] We adopt the notation used by Gong et al. 40 for the terrace, step and step-step interaction terms for consistency. By writing the interaction term in the form , we have provisionally adopted the interaction potential of By calculating the surface energy per unit area, , of three progressively higher index slab/vacuum supercells of layers thickness using equation (2), and then substituting these values into equation (1), a system of three linear simultaneous equations is obtained whose solutions are , and . For example, (341), (451) and (561) slabs of layers thickness hosting the step can be used to yield the surface energy per unit area values , and , which can then be substituted into equation (1) where is the matrix from equation (3) and , and are matrices identical to but whose first, second and third columns respectively have been replaced with the column vector of high-index surface energies from the left-hand side of equation (3), as per Cramer's determinant rule. This process can then be repeated for increasingly thick slabs of higher , where the slabs' chemical formulae are increased according to a prescribed arithmetic rule, thereby exposing the behaviour of , and with increasing individually and consistently. The oscillatory behaviour of with increasing propagates through to the solutions , and so they also oscillate with increasing slab thickness and depend sensitively on . The significant advantage of this approach is that the solutions can be cross-checked, for each and every value of , with values calculated directly and separately using (110) slabs. We denote these directly calculated values . The residual differences over the full range of can then be analysed in order to determine whether the terrace component of the total high-index surface energy has been consistently extracted while naturally accounting for quantum size effects, therefore leaving the remaining step energies and interaction energies open to self-contained analysis. Expressed another way, it allows one to determine whether the macroscopic MP interaction potential accurately captures the true energetics of the atomistic slab models. This is important, because whilst the MP interaction potential appears to have been adopted by Gong et al. 40 and is frequently assumed and observed in the literature [51] [52] [53] [54] , there are also many instances in the literature [55] [56] [57] [58] [59] [60] where atomic step-step interaction energies for various material surfaces have been observed or suggested to deviate from the behaviour due to atomistic effects.
THEORETICAL METHODS
Basis set, exchange correlation functional, bulk reference state and vacuum thickness
The plane wave density functional theory code CASTEP 61 was used with the GGA PBE exchange correlation functional 62 and Vanderbilt ultrasoft pseudopotentials 63 to converge the zero point energy of the bulk TiO 2 rutile unit cell with respect to the k point spacings (where denotes correspondence to the reciprocal vector ) and the kinetic energy cutoff , where each was varied independently. This procedure yielded basis set values satisfying and = 400 eV, which were then used along with the GGA PBE functional for all subsequent calculations in the paper. Following this, a cell-optimised geometry optimisation calculation was carried out on the bulk unit cell with P4 2 /mnm symmetry imposed, in which the atomic forces were converged to within 0.01 . This stringent tolerance on the bulk cell was motivated by the high sensitivity of to the value of in equation (2) inclusive, to make a total of 10 supercells. The geometry-optimised system energy was calculated for each, and a minimum vacuum thickness of was identified in order to decouple all intercellular interactions along the vacuum direction. In all cases, the slab was placed in the centre of the vacuum.
Slab calculations
For the step structure, (210), (320) and (430) slabs of 3,..., 10 layers ( ) and P 1 2/m 1 symmetry were built to make a total of slabs on which the terminations were cleaved manually to produce (110) terraces bounded by the steps.
This procedure was repeated for the structure to make 24 more slabs, also of P 1 2/m 1 symmetry. For the and steps, (341), (451) and (561) was re-oriented with respect to the Cartesian coordinate system so that was always aligned with the axis. To maintain structural consistency, all high-index slabs were built such that the step on the top end of each slab was made to be situated directly opposite the step on the bottom end along the direction perpendicular to the (110) plane (up to a discrepancy of a bulk unit cell due to the AB stacking structure) as illustrated for the case of the step in Figure 3 . By using this convention, all four sets of slabs were structurally consistent with each other as exemplified in Figure 3 .
This structural convention was encoded arithmetically in terms of the slabs' chemical formulae and summarised in Table 1 . CASTEP 61 was then used with the GGA PBE functional 62 and
Vanderbilt ultrasoft pseudopotentials 63 to carry out a geometry optimisation calculation on these 104 supercells in which all atomic positions were allowed to relax in all directions. For each series of self-consistent field (SCF) cycles used for the electronic minimisation, the exit criterion was imposed that the change in total electron energy between successive SCF cycles be less than eV three times in succession. For the geometry optimisation, the low memory Broyden-Fletcher-Goldfarb-Shanno (LBFGS) optimisation algorithm [65] [66] [67] [68] [69] [70] was used with the following 3 exit criteria: i) that the maximum force on all atoms be less than , ii) that the maximum change in position for all atoms between successive LBFGS steps be less than and iii) that the maximum change in the total system energy between successive LBFGS steps be less than eV per atom.
The total electron density slices of the fully relaxed slabs were then examined, some of which are presented in Figure 4 . The 96 fully-optimised supercell energies were inserted as appropriate with the bulk energy into equation (1) to yield the surface energy per unit area of the high index surface for each slab, , and these values were plotted against in Figure 5 and tabulated in Table 2 . These values were then substituted as appropriate into equation (2) , and the resulting systems of simultaneous equations were solved to find the solutions , and with increasing for each of the four steps as explained in section 1.4. For each step, the solutions were plotted against the values calculated directly using the (110) slabs in Figure 6 for the consistency check, along with the residuals . The solutions and were plotted in Figures 6 and 7 respectively and tabulated in Table 2 .
RESULTS AND ANALYSIS
Initial remarks
All 104 slabs relaxed into a configuration corresponding to an energetic minimum. It can be seen from the total electron density slices in Figure 4 that the interlayer interactions (and interlayer distances) depend critically on the number of layers in the slab. The dominant electronic orbitals which contribute to this effect are Ti 3d and O 2p states, which we confirmed for all of our slabs with angular momentum-resolved density of states plots and orbital density plots. This is exactly what was observed and explained in detail for the case of TiO 2 rutile (110) slabs by Bredow et al. 34 Electron density slices 1 and 2 shown in Figure 4 It can be seen that these oscillations propagate through to the solutions , and plotted in Currently, ab initio calculations are generally impractical for supercells exceeding the size of those used in this study, and so to draw comparisons between the solutions , and with experimental observations of laboratory samples of finite but macroscopic thickness, one must rely on an extrapolation of the plots along the direction towards . This demonstrates the challenge involved with calculating accurate step energies for macroscopically thick crystals.
There is also a small statistical uncertainty in the fully optimised supercell energies which originates from the finite tolerances used in the geometry optimisation. This uncertainty is common to the , , and systems. The and slabs are substantially lower in symmetry than those of the and systems, so this source of uncertainty is likely to be more severe for these systems. The reader is referred to Section 3 of the Supporting Information for a discussion of these sources of statistical uncertainty. We note that the values agree well with published calculations.
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Figure 7. The convergence of step energy per unit length with increasing slab thickness for the four steps studied. Despite the large oscillations in the solutions, it is quite clear that the step is the most stable.
Step Table 2 . The (110) terrace surface energy per unit area, step energy per unit length and step-step interaction constant on the four vicinal surface types.
Figure 8. The convergence of the step-step interaction constant with increasing slab thickness for the four steps studied. Despite the large oscillations in the plot, the and steps
clearly have the weakest interactions, and the step has the strongest interactions.
and steps
The solutions extracted from the and systems show excellent agreement
with the values which suggests that the interaction term in equation (1) 
and steps: general comments
Steps extended along the directions comprise the vast majority of all step defects on rutile (110), so determining which of these two structures studied is the most energetically stable is of particular interest. The solutions extracted from the and systems recover the oscillatory manner of convergence but they display some slight deviations from the data.
The corresponding sets of supercells used for these two systems have identical dimensions, and they differ only in that they contain different arrangements of atoms at the steps. Therefore, besides considerations relating to the small uncertainty resulting from the geometry optimised energy values, the distinct behaviour of these two systems is completely attributable to the two distinct steps. The task at hand therefore is to attempt to itemise and disentangle the factors of physical origin in order to try and explain the discrepancies and gain an indication of the true energies of these steps. In the following two sections, we discuss the data for the step and step seperately. Firstly, :
step: detailed analysis
The trend in the residual differences for the step show that the values are a very slight overestimation of for the thickest slabs and severe underestimation of for the slabs. We have identified two possible contributing factors of physical origin: i)
interactions between neighbouring steps which were not accounted for by equation (1), and which may themselves depend on in a non-simple way, and ii) surface-surface interactions between steps on opposing surfaces of the slab which also depend non-trivially on . Both of these factors are likely to be making significant contributions to the true interaction energy and therefore producing a systematic error resulting in overvaluations and undervaluations of the solutions.
The obvious candidate for the origin of atomistic contributions to the interaction between neighbouring steps is the set of (341) slabs with the step. The small step width approximation is less well founded for these systems, which can be appreciated by referring to Figure 2 (d) which shows that the width of the step structure is significant compared to the size of the lower (110) terrace region. This is in contrast to the systems for which the approximation is clearly a good one. In fact, there is an indication with the data available in Figure 6 that interactions between step on opposing surfaces of the slab are likely to be the dominating factor, especially at small . Observe the differences between and at : both the and the systems produce values of which are very large underestimates of . The sets of and slabs at of course have different steps, but they have small surface-surface distances in common. Furthermore, in the higher range 7, ...,10, the agreement between and for the step is quite good. The residuals at large are just about small enough to be plausibly accounted for by the intrinsic uncertainties in the supercell energies. The indication therefore is that choosing the interaction term in equation (1) results in an accurate simulation of the interactions between steps, but only once surface-surface interactions have been decoupled at large slab thicknesses. The instances where is predicted to be negative ( 3, 5) indicate that equation (1) fails for the purposes of extracting the energetics of neighbouring steps because of the significant influence of surface-surface step interactions in the thinner slabs.
In summary, Figure 7 shows that for the step on macroscopically thick samples is likely to fall approximately within the range = 0.07 ± 0.02 for , and Figure 8 similarly shows that these steps on vicinal surfaces exhibit a repulsive interaction consistent with a positive interaction constant falling in the range of about 4 ± 2 as .
Now observe the solutions for the step: some variation remains, but each and every one of the 8 solutions is undervalued compared to . Surface-surface interactions are probably making major contributions at small due to the clear disagreement of with as explained in the previous section. However the underestimation of the value of at value is probably too large for intrinsic the uncertainty in the supercell energy to be a plausible cause. Besides the possibility of an unlikely and spurious cancellation of other unconsidered factors, this indicates that atomistic interaction terms may be contributing to the interaction energy for the step, resulting in a systematic error originating from the false assumption that the step interaction is completely described by a term of the form . To provide an approximate indication of what the true overall interaction scaling behaviour is, equation (1) was rewritten with an interaction term of the form and successive iterations on the value of were carried out to minimise the sum of the squares of the residual differences between the solutions and the values over the range . This range was chosen in a basic attempt to try and filter out surface-surface interactions. The best fit result was = 2.14 (3 s. f.), consistent with an overall step-step interaction energy which scales as .
(This was then cross-checked by carrying out the same procedure on the data, and the result was = 3.13, implying an overall interaction energy scaling behaviour of which is in good agreement with the originally nominated MP interaction potential.) The corresponding values of for with this interaction term remained relatively unchanged and were still substantially larger than those from the system. Therefore, no pivotal implications for the theoretical probing of STM images emerge from this because the step is still implied to be vastly energetically favourable.
Comparison with published STM data
In Figure 9 , we reproduce STM data from Martinez et al. 21 showing the annealed rutile (110) surface. Alongside this, a series of 2D Wulff constructions with increasing is presented in which we have assumed two island morphologies: i) a (110) terrace bound by steps and steps and ii) a (110) terrace bound by steps and steps. By drawing vectors from a common origin whose directions are perpendicular to the step in question and whose lengths are drawn in proportion to the corresponding values, the island shapes predicted to occur on the surface as a function of increasing slab thickness can be directly compared with the island seen in the STM image. An island of unquestionable similarity on an annealed rutile (110) sample was also observed by Diebold et al. 20 It is evident that the island shape predicted with a / morphology is inconsistent with the observed island shape for all values of . In contrast, the / morphology (or indeed / , which are not drawn but look very similar) produces an island shape which converges quite convincingly to that seen in experiments [19] [20] [21] by approximately 8 layers thickness and beyond. The predictions are clearly less reliable for slab thicknesses of less than about 7 layers. This demonstrates the predictive power of the methodology and adds credibility to the existence of the step structure on laboratory samples. Instances which included negative values for one or both steps (3 and 5 layer cases)
were not included in the Wulff constructions.
It is clear that there are features on the surface shown in Figure 9 (b) which are not predicted or accounted for by the level of theory we have presented in this work. It is necessary to review these features to validate any claims of correspondence between theory and experiment, and also to try to anticipate how our approach may be refined. Firstly, by basing our approach on surface energies calculated via reference to a stoichiometric bulk state as in equation (1), we have not accounted for any deviations from stoichiometry. It is well established [18] [19] [20] [21] [22] that the ion sputtering / high-temperature vacuum-annealing preparation process causes rutile (110) samples to become slightly reduced, with the creation of a small but non-zero concentration point defects in the form of bridging oxygen vacancies on the surface and Ti interstitials in the bulk of the sample. The O vacancies are widely believed to significantly affect the surface chemistry of rutile (110) compared to stoichiometric surfaces due to the resultant under-coordinated surface Ti atoms at these vacancy sites. Such vacuum-annealed samples typically show O vacancy coverages of about 2 -12% depending on the preparation conditions. 71 The exact physical process which causes the vacancies to appear during annealing is not known, although molecular desorption experiments combined with STM have been used to characterise these defects 72 and shed new light on their origin. 73 It is also well known that surface vacancies are healed by exposing the sample to O 2 , although, depending on the temperature and partial O 2 pressure, this process is usually accompanied by further adsorption of O to surface 5f-Ti sites 74 and the appearance of additional O-based surface adstructures. 20, 71, [75] [76] It is worth mentioning that there is one STM study which apparently shows a perfectly stoichiometric rutile (110) surface. 77 Despite the sensitive dependence of the surface structure on the preparation conditions, the fact that the surface vacancies are healed upon exposure to O 2 confirms that the stoichiometric surface is energetically favourable over O-reduced surfaces as one might reasonably expect.
Alongside surface O vacancies, the influence of bulk Ti interstitials on the appearance of the contribute to the overall surface chemistry on (110) terraces with low step density. However, it is not completely clear as to whether Ti interstitials are repelled by steps in the same way as they are by (110) terraces. In Bechstein's article, 78 it was theoretically predicted that for rutile surfaces with a high step density, Ti interstitials are more stable at step sites than they are at bulk sites by about 0.5 eV. This prediction was then used to argue in favour of a mechanism by which O-deficient strand structures extended along directions are formed during annealing on high-index surfaces, where Ti interstitials migrate to the surface to form the strands, with the steps as their exit points. This was corroborated with STM data which showed a rutile (771) surface of high step density after annealing at about 900 K, where strand structures extended along directions were seen to be protruding from the steps. A mostly flat (110) surface was shown in the same article, in which only a tiny number of such strand structures were seen. The authors argued quite plausibly that more building material is available on surfaces with a high step density due to the larger proportion of undercoordinated surface atoms, which explains the propensity of highly-stepped surfaces to form such strands. In addition to this, we also speculate that the net diffusion tendencies of Ti interstitials from the surface may also be a question of the competition between the repulsive influence of (110) terraces and the attractive influence of steps, and therefore dependent on step density as well as temperature. With slowly decaying surface-surface interactions, gaining a fuller picture of the energetic landscape and migration pathway barriers for Ti interstitials is not likely to be a trivial task using a DFT approach. Full DFT calculations of Ti interstitial migration paths and preferred binding sites as a function of surface roughness would require supercells which are currently prohibitively large, especially for surfaces of low step density. Nevertheless, the good agreement of our stoichiometric theoretical models with experimentally observed slightly nonstoichiometric samples suggests that the O vacancies and Ti interstitials can be regarded as an artefact of the annealing process which otherwise have no effect on overall island shapes.
Secondly, on visual inspection, it appears that the left and right edges of the island are bevelled by -type steps, where the corresponding kinks are labelled 2, 4, 7 and 9 in a rudimentary sketch in Figure 9 (c). Another instance of an apparent -type structure is highlighted in the smaller of the two circled regions in Figure 9 (b). The apparent -like features seen on the island are tiny; no more than 2 bright Ti rows in extent, or 4 atoms. Because of the periodic boundary conditions used in our calculations, we effectively simulate steps which are infinitely long. This means that our calculations do not account for subtleties such as the free energy of kinks, their interactions among themselves and with steps, and the atomic structure of kinks. This therefore means that our step energies can only reliably be compared to steps which are of appreciable length in STM images, at least for the purposes of using Wulff constructions. It is therefore doubtful that an infinitely long -type step under periodic boundary conditions would be representative of the -like structure which is only 4 atoms wide, the atomic configuration and energy of which will be largely determined by the fact that at least 2 of these atoms must form bonds with the two adjoining steps. It is also worth pointing out that the island observed by Diebold et al. 20 did not exhibit these apparent -type steps. In any case, the -like features comprise a negligible proportion of the total population of steps across the whole image and so they were deemed too insignificant to warrant further investigation.
Thirdly, the island habit has an apparent chirality, in that the kinks labelled 3 and 8 (or equivalently, 2, 4, 7 and 9) are not located exactly opposite each other along the direction .
This chirality is also quite apparent in Diebold's image. 20 Our main comment on this is that the Wulff construction is a scheme for predicting the habit of crystals in the macroscopic regime, whereas the island is microscopic in size. It is known that the bright rows observed with STM correspond to the 5-fold coordinated Ti atoms and the dark rows are bridging O atoms 77 (see Figure 1 ). With close inspection of the lower terrace from the STM image of Figure 9 (b), it can be verified that the island spans no more than about 15 such rows, and therefore 15 surface cells.
Given that the island's entire extent is only one order of magnitude larger than the size of one of its irreducible surface cell component parts, and that we have made no account of the possible atomic arrangements at the kinks, it is entirely plausible that the experimentally observed island habit at such microscopic scales is subject to aliasing of this kind, resulting in kinks 3 and 8 being misaligned by one or two unit cells. It is also unsurprising due to initial small and random configurational perturbations almost certainly being present in the initial growth environment.
Fourthly, no accounts of the energetic contributions of the kinks or step-step interactions were accounted for by the Wulff constructions.
CONCLUSIONS
We have presented a DFT/supercell methodology for calculating the terrace free energy per unit area, step free energy per unit length and step-step interaction energy of high-index vicinal surfaces of crystalline solids using slab models. The slow oscillatory convergence of the individual energetic components (terrace, step and step-step interactions) of vicinal surfaces with increasing slab dimensions due to QSE has been demonstrated for the case of TiO 2 rutile. For such systems in which QSE are strong, we have argued that using a statistical linear fit of total slab energy against increasing slab size is an unreliable and misleading approach to calculating surface energies, and therefore an unreliable way of evaluating the energies of steps. For this reason, we argue instead that step energies and step interaction energies should all be individually plotted against slab size and checked for consistency via a layer-by-layer crosscheck of the low-index terrace surface energy, calculated separately using the appropriate low-index slabs. This method has been applied to two -direction steps and two -direction steps on the rutile (110) surface using DFT with the GGA PBE functional, following published STM studies [18] [19] [20] [21] [22] which have repeatedly shown that step defects are extended solely along the directions and . The specific atomic arrangements of the steps studied were those recently predicted to be the most energetically stable overall by Martinez et al. 23 The two -direction steps, and , were found to be very similar in energy and so it was concluded that these two structures are likely to occur on laboratory samples with approximately equal probability. The structure was found to be significantly more stable than the structure. 2D Wulff constructions were used with the theoretically calculated step energies to
show that the shape of islands with steps compare well with STM data, whereas the shape of an island with steps does not stand up to experimental evidence. 
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